Abstract. We elaborate thermodynamical and multifractal formalisms for general classes of potential functions and their average growth rates. We then apply these formalisms to certain geometrically finite Kleinian groups which may have parabolic elements of different ranks. We show that for these groups our revised formalisms give access to a description of the spectrum of 'homological growth rates' in terms of Hausdorff dimension. Furthermore, we derive necessary and sufficient conditions for the existence of 'thermodynamical phase transitions'.
Introduction and statement of results
In this paper we elaborate a multifractal formalism for general classes of potential functions and their average growth rates. For this we set up a thermodynamical formalism which generalizes the so far existing one. We then show that these so revised formalisms are applicable to geometrically finite Kleinian groups, where they reveal intricate fractal aspects of the 'homological growth rates'.
More precisely, we consider tuples´¡ µ ¾ of certain sequences of continuous real-valued functions ¡ Ò and Ò , defined over a subshift of finite type´ µ. Here the family of functions ¡ Ò fulfils some mild growth properties with respect to the family of 'cocycle functions' Ò , and we refer to these as to the 'average growth property'. Our first goal is to establish a thermodynamical formalism for this general class of functions.
We introduce a generalized notion of pressure È for which we then verify some variational principles. This then permits to study non-additive ensembles for which the geometry is not strictly compatible with the dynamics.
In the second part of the paper we restrict the investigations to so-called families For this we establish a type of Young formula for non-ergodic measures, and by combining this formula with our modified thermodynamical formalism we obtain the Hausdorff dimensions of these level sets. A good reference for dimension theory in the context of dynamical systems can be found in [Pes97] .
The main results of this analysis is summarized in the following theorem. In here the function È is given by È´×µ È´ ×¡µ. In this general setting our proof requires a modification of an intricate argument of Cajar, which then allows to approximate the dimension with respect to ¡ by measure theoretical dimensions derived from certain non-atomic weak Gibbs measures. Here we find that this argument can be avoided for the very special case in which there is a cocycle Á associated with ¡ which has the property that there exists a non-atomic weak Gibbs measure for the potential AEÁ (with AE denoting the least zero of È ).
The third goal of the paper is to apply our general formalisms to geometrically finite Kleinian groups , which are allowed to have parabolic fixed points of different ranks.
We derive a multifractal analysis of the limit sets Ä´ µ of these groups. For simplicity we restrict the discussion to 'essentially free' Kleinian groups, that is geometrically finite Kleinian groups which are free groups apart from the possibility that they might have parabolic fixed points of rank (with stabilizer a finite extension of a free abelian group on generators). Also, for ease of exposition, we restrict the discussion to Kleinian groups acting on hyperbolic 3-space ¿ , where can be equal to either 1 or 2. Some aspects of the methods used here, were already developed in [Fri00a, Fri00b] .
More precisely, for these applications we consider the special family of distance functions
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The main results are summarized in the following theorem, which in terms of the pressure gives a fractal-dimensional characterization of the level sets We remark that in the parabolic case the natural choice for the relevant cocycle gives a function which is no longer Hölder continuous. In order to overcome this problem we introduce a coding of the radial limit set which uses an infinite alphabet (based on the so called 'top representation', previously introduced in [SV95] in connection with investigations of the Patterson measure), and then study the 'infinite ergodic theory' of the associated jump-transformation. In particular, in these investigations we employ general principles such as the 'Sarig variational principle', the 'Mauldin-Urbański construction' which guarantees the existence of unique invariant Gibbs measures for the infinite alphabet, and 'Abramov's formula' which relates the measure theoretical entropies of the finite and the infinite alphabet. Subsequently, using a formula of Kac as well as strong analytic properties of the pressure function for the infinite alphabet, we derive the necessary and sufficient conditions for the existence of 'thermodynamical phase transitions'.
We end this introduction by giving some conclusions which can be drawn from our analysis in this paper. In particular, we briefly discuss in which way the type of phase transition obtained in this paper relates to the phenomena of 'weak multifractal phase For expansive dynamical systems the results in this paper admit the following characterization of the existence of a thermodynamical phase transition, which is in spirit of Makarov's observation for the expanding case. Note that our characterization is given in terms of , and we remark that an analogous statement can be given for instance for parabolic rational maps, using the results in [ADU93] and [SU00] (see also [Byr98] and [Smi96] ). For Ô an element of the set È of parabolic fixed points of , let Ô denote the generator of the stabilizer of Ô in . We then define
where ¡ refers to the supremum-norm. It is well-known that for any Kleinian group with parabolic elements we have that ´ µ ¾ (cf. e.g. [Str95b] , [Flo80] ).
Also, for arbitrary ¾ Ä´ µ and positive Ø, and for ´Øµ denoting the length of the current cusp excursion at time Ø (while travelling from the origin towards ), we define Ý ´ µ Ð Ñ ×ÙÔ Ø ½ ´Øµ ÐÓ Ø Ý Note that for the purposes in this paper the 'inf' would not be necessary. We give the definition in a way that it is also immediately applicable to parabolic rational maps, where the distortion of the map close to a parabolic fixed points very much depends on the number of petals associated with the parabolic point. 7
1.2. Comparing thermodynamical and weak multifractal phase transitions. Finally, we comment on the relationship between thermodynamical and weak multifractal phase transition. Again, we only consider the case of a Kleinian group with parabolic elements, and remark that analogous statements can be derived for parabolic rational maps (combining the results of [ADU93] and [SU99] ). One of the original motivations which lead to the work in this paper was to clarify the relationship between these two types of phase transition. The outcome here is that we found there is no such relation between these two phenomena. Roughly speaking, thermodynamical phase transition is in essence primarily an "ergodic phenomena", whereas weak multifractal phase transition is a purely "geometric phenomena". A first indication for this outcome is that the level sets ´ µ have no immediate canonical description in pure terms of cusp excursions. Unlike the lower lim-sup spectra, which can be described exclusively by means of cusp excursions (cf. [Str95a] , [Str99] ), the sets ´ µ represent a subtle intertwining of 'word lengths' of elements of the group and their 'geometrical sizes'. In order to give a clearer indication, we add to the above characterization of the existence of thermodynamical phase transition a corresponding characterization for weak multifractal case.
Recall that the 'lower lim-sup spectrum' of the AE-conformal measure is given by
For × in the interior of the range of possible scaling exponents of , the group is said to exhibit a weak multifractal phase transition at × if and only if ´ µ is not differentiable at ×.
In this terminology, the main result of [Str95a] can be stated as follows.
A geometrically finite Kleinian group with parabolic elements exhibits a weak multifractal phase transition if and only if AE ½ and if additionally has a rank 1 parabolic fixed point.
Hence, this clearly shows that the existence of these two types of phase transitions is governed by completely different rules. For instance if has exclusively rang two cusps and AE ¿ ¾ then there exists a thermodynamical but no weak multifractal phase transition. On the other hand if has rang one cusps as well as rang two cusps and ½ AE ¿ ¾, then there exists a weak multifractal but no thermodynamical phase transition.
General Formalisms for averages
Throughout, let´ µ denote a transitive subshift of finite type over a finite alphabet containing at least two elements (we refer to [DGS76] for the details concerning subshifts of finite type). Here we have equipped with the metric which is given for
Ò denote a cylinder set of length Ò, or simply an Ò-cylinder, with the convention that the cylinder of length ¼ is equal to the space . Let Ò denote the set of all Ò-cylinders. 
It follows that È´ × µ is a Cauchy sequence, and hence that it converges.
By a similar argument we obtain
This shows that the limits of these two expressions coincide. In particular, we hence have
Since every pointwise convergent sequence of convex functions converges uniformly on compact subsets to a convex function, the proposition follows.
¾
Remark. If is strictly positive, then the range of È is equal to Ê. Since additionally È is continuous and convex, it follows that there exists a unique zero AE of È . In particular, AE has to be positive (which follows from the fact that È ´¼µ top ¼). Now, for each ¾ AE we define the´ µ-energy of invariant probability measures « Å´ µ Ê given by
The functions « will be crucial throughout, and we now first investigate some of their properties. 
Letting Ò tending to infinity, it follows that « ´ µ « ´ µ · . Hence, the sequencé « µ is a Cauchy sequence which converges uniformly on Å´ µ. . Using the fact that È´× µ · × «´ µ, and also the facts that È and « are continuous, we obtain for sufficiently large that ×«´ µ ·´× × × µ´«´ µ «´ µ «´ µ µ È´× µ × × «´ µ ´× × × µ «´ µ «´ µ
If we let tend to infinity, then the latter expression tends to È´×µ. Hence, it follows that ¾ Å × ¡ .
In order to prove the first equality in the second part of the proposition, we combine the convexity of È and the first part of the proposition. In this way we conclude that Ò ¾Å´ µ «´ µ
. On the other hand, for each ¾ Å´ µ and Ø ¾ Ê, the variational principle gives rise to the inequality È´Øµ · Ø«´ µ. Hence, it follows that Ð Ñ Ø ½ È´Øµ Ø «´ µ, which implies the first equality in the second part of the proposition. The second equality is derived by similar means, and we omit its proof. is given by the quotient of the Legendre transform at and . In order to obtain this result we formulate two major observations. The first of these is that Ñ ¡ admits approximations by measure theoretical dimensions derived from certain weak Gibbs measures. The second observation consists of a formula which is similar to the wellknown Young formula [You82] . Our approach here generalizes a construction of Cajar in [Caj81] .
Definition. For a family of distance functions ¡ and a non-atomic probability measure , the ¡-dimension and the -dimension of a set Ã 
´ µ ¾ Ò ´ µ
This gives a normalized, non-negative, additive set function on the algebra of all cylinder sets. Hence by the Kolmogorov consistency theorem there exists a unique continuation of to a probability measure on´ µ which we shall also denote by .
Using (iii), we obtain by induction for all Ò ¾ AE and ¾ Ò that We require the following generalization of a theorem of Cajar. Note that for the full shift over a finite alphabet a similar result was obtained in [Caj81] . Also, we remark that the following proposition can be interpreted as a generalization of the well-known Young formula [You82] to the non-ergodic situation. The proof of this proposition is rather technical and will therefore be given in the appendix. 
´ µ ÜÔ´ ×¡´ µµ
¾
We remark that in the special situation in which there exists a cocycle to which we then can associate a non-atomic weak Gibbs measure, the construction of the approximations in Proposition 2.4 becomes redundant.
3. Applications to Kleinian groups 3.1. Preliminary concepts and observations. In this section we consider nonelementary, geometrically finite Kleinian groups acting on hyperbolic´AE · ½µ-space AE·½ equipped with the hyperbolic metric . For ease of exposition, we shall restrict the discussion to the cases AE ½ ¾. Throughout we shall always assume that has no elliptic elements and is an 'essentially free group', meaning that there are no relations other than those arising from rank 2 cusps. Let ¼ denote a symmetric set of generators of , and let ¼ ¼ be the set of generators of the stabilizer of the parabolic fixed points. If there are parabolic points of different ranks, then we decompose ¼ into two disjoint sets ¼½ and ¼¾ , where by definition ¼ contains exclusively the generators of the stabilizers associated with cusps of rank (for ½ ¾µ.
Codings of the limit set.
Finite coding. It is well-known that there exists a canonical map from a subshift of finite type into the limit set Ä´ µ Ë AE AE·½ of , which is given for
The map fails to be injective only for the countable set of parabolic fixed points of , that is is 1-1 on the radial limit set Ä Ö´ µ, which is the complement of the parabolic fixed points in Ä´ µ (cf Furthermore, it is convenient to introduce the following two subsets of
We remark that the 'induced system' on is topologically conjugated to´ £ £ µ such that £ is the analogue of Schweiger's jump transformation (cf [Sch95] 
¾
The following proposition represents the key observation which will allow us to apply the theory developed in the previous sections to the setting of Kleinian groups. 
This follows since Ë Ò Á´Üµ is the hyperbolic distance from the origin to the horoball through Ü ¼ ¡ ¡ ¡ Ü Ò ½´¼ µ and ´Üµ (see FIGURE 5). Clearly, this distance differs from ´¼ Ü ¼ ¡ ¡ ¡ Ü Ò ½´¼ µµ by a term which is at most of order ÐÓ Ò, where the involved constant can be chosen uniformly (see [Flo80] , [Str95b] ). Secondly, by uniform convergence of the Á , there exists a sequence´ µ tending to ¼ such that Ë Ò Á Ë Ò Á Ò . Combining these two observation we obtain
Form this we see that the average growth property is also fulfilled in the parabolic case.
Note that for convex cocompact we even have Ë Ò Á ¡ Ò ½, which then completes the proof of the proposition. Here, the latter equality is a consequence of the fact that £ Ø is an equilibrium measure for´ ØÁ £ ¬´ØµAEµ, which follows by combining (GM) and the finiteness of £ Ø´Ø Á £ · ¬´ØµAEµ.
In order to prove the reverse inequality let Ñ Ø ¾ Å ØÁ . Note that Ñ Ø´ µ ¼.
This follows since otherwise we would have Ñ Ø´À µ ½, which would implies that both ÑØ and Ñ Ø´ ØÁµ vanish, giving È´Øµ ¼ and hence contradicting the fact that 
